Abstract. By modifying the auxiliary rational functions of Fischler, Sprang and Zudilin in [3], we prove that, for all odd integer s ≥ 10 4 , there are at least 1 10 s
Introduction
The Riemann zeta function ζ(s) is one of the most fascinating objects in mathematics. Since the time of Euler, we know that ζ(2k) is a rational multiple of π 2k , where 2k is a positive even integer. Later on Lindemann proved that π is transcendental so that all the ζ(2k)'s are tanscedental. One may want to further investigate the odd zeta values, i.e., the number ζ(2k + 1)'s where k is a positive integer. It is conjectured that π, ζ(3), ζ(5), ζ(7), · · · are algebraically independent over Q, but very little is known.
The first result was provided by Apéry [1] on 1979. He proved that ζ(3) is irrational. The original proof was elementary but mysterious. Later, Beukers [4] gave an more transparent interpretation by means of triple integrals over the cube [0, 1] 3 . The next breakthrough was made by Ball and Rivoal [6] , Rivoal [5] . In stead of showing a particular odd zeta value is irrational, they showed that for all odd integer s ≥ 3, we have the following asymptotics as s → ∞: dim Q Span Q 1, ζ(3), ζ(5), ζ(7), · · · , ζ(s) ≥ 1 + o(1) 1 + log 2 log s.
The proof makes use of the auxiliary rational functions:
(2r+1)n j=0
(t − rn + j) n j=0 (t + j) s+1 , and the fact that ∞ t=1 R (BR) n (t) is a Q-linear combinations of 1, ζ(3), ζ(5), · · · , ζ(s). As a corollary, there are infinitely many irrational numbers among odd zeta values. The next major progress along this direction was made by Zudilin [7] in 2018. He studied the following rational functions (with s = 25) R (Z) n (t) = 2 6n n! s−5 6n j=0 (t − n + j/2) n j=0 (t + j) s+1 , and proved that both series
n (t) and
n (t + 1/2) are Q-linear combinations of odd zeta values with related coefficients. A crucial point in Zulilin's proof is to insert many rational zeros into R(t) and at the same time we do not lose control in arithmetic part. The new idea dramatically changed the situation and it inspires many works afterwards, see Sprang [8] and Fischler [9] . Based on further developments in [7, 8] , Fischler, Sprang, and Zudilin [3] proved for all ε > 0, for all odd integer s which is sufficiently large with respect to ε, the number of irrational numbers in the set ζ(3), ζ(5), ζ(7), · · · , ζ(s) is at least 2 (1−ε)(log s/ log log s) . They used the following rational functions:
In the current work, we will use the same strategy to prove the following theorem:
Main Theorem. For any odd integer s ≥ 10 4 , there are at least 1 10
irrational numbers among the first
We remark that the only novelty of the paper is a choice of new auxiliary functions:
Once we find the right rational function, the proof follows in the same manner as [3] with some techinical modifications. We attribute our result to the idea of Zudilin [7] . (log s) 1/2 can be improved, but we do not pursue it. We also remark that the rational functions of the form
are more economic, but R n (t) can only improve the constant c in the lower bound c (log s) 1/2 .
Notations
Throughout the paper, we fix any odd integer s ≥ 10 4 and let D = ⌈ 1 10
(log s) 1/2 ⌉. Let n ≥ 2 be an even integer and later on we will take n → +∞. For each n ≥ 2, we define the rational function:
Since the numerator and denominator of R n (t) have a common factor n j=0 (t + j) D , it can be rewritten as R n (t) = P n (t) n j=0 (t + j) s where P n (t) is a polynomial in t with rational coefficients. As a rational function, the degree of
The function R n (t) also has a partial fractional expansion
Let F D be the set of all rational numbers in (0, 1] with denominator less than or equal to D, i.e.,
In the sequel, the notation
We aslo note that a rational number θ ∈ F D may have more than one expression, e.g., , but this will not affect the proof.
For all j/d ∈ F D , we define
The series is convergent since deg R n ≤ −2.
Linear forms of Hurwitz zeta values
Recall the definition of the Hurwitz zeta functions:
where i ≥ 2 is an integer and α is a positive real number.
The proofs of this section and the next section is the same as Lemma 1 and Lemma 2 in [3] of Fischler, Sprang and Zudilin.
where ρ n,i = n k=0 a n,i,k for 3 ≤ i ≤ s, i odd does not depend on j/d, and
To prove the lemma, we take the sum of the equalities
where m = 1, 2, 3, · · · . To deal with the terms with i = 1, we introduce a variable z and recall the Lerch zeta function
the series is convergent for α ∈ R >0 , i ∈ Z ≥1 and for z ∈ (0, 1). It is also convergent for z = 1 provided i ≥ 2. In particular, we have Φ(
Proof. Let z be a real number in (0, 1). We have
we can factor out a factor z − 1 from n k=0 a n,1,k z −k . The Φ(z, 1, j/d) has only a logarithmic divergence as z → 1 − , and since lim z→1 − |(1 − z) log(1 − z)| = 0, the terms involving the Lerch function with i = 1 tends to 0 as z → 1 − . We obtain that
and ρ n,i = n k=0 a n,i,k defined for any i ∈ {2, 3, · · · , s}. We also use the symmetry that
where we used the fact that n is even and s is odd. Since the partial fractional expansion for R n (t) is unique, we derive that (−1) i a n,i,k = −a n,i,n−k , so for all even i, we have ρ n,i = 0. This proves the lemma.
Arithmetic control of the denominators
Let d n = lcm(1, 2, · · · , n) be the least common multiple of the first n positive integers. By the Prime Number Theorem, d n = e (1+o(1))n as n → +∞. We now prove the following arithmetic lemma:
for any odd integer i with 3 ≤ i ≤ s, and we have
We comment that d If we write out
we find that not all terms d s+D n+1 a n,i,k (ℓ+j/d) i could be integers. But we can show that each inner sum
is an integer. To prove it, we use in an essential way the fact that R n (t) has many rational zeros U + j/d for the integers U = −n, −n + 1, · · · , 0. Once we write R n (U + j/d) = 0 in the form of partial fractional expansions, we find that the inner sum appears in a cancelation. This cancelation deserves further study.
Proof. Recall that
By multiplying the factor
where
, and
.
Suppose the partial fractional expansion for the rational function G(t) is
In a similar way, by virtue of the fact that any product of n consecutive integers is a multiple of n!, for partial fractional expansion of F d,ℓ (t):
we have
For the sake of simiplicity, we write G(t) and every F d,ℓ (t) in the following schematical form
We now compute the partial fractional expansion of R n (t) from the product
We first consider the product G(t)
, note that this is a product of s + D functions of the form n j=0 Z t+j . We apply the following rule repeatedly: for all j = j ′ , 1
Each time a denominator appears, and the denominator is always a divisor of d n . This happens s + D − i times for each term that contributes to 1 (t+j) i , so we find that
Now we multiply t − n several times (In fact, D times). Observe that
Therefore (we change the index j into k),
But the partial fractional expansion for R n (t) is unique, hence d s+D−i n a n,i,k ∈ Z for all 1 ≤ i ≤ s and 0 ≤ k ≤ n (the polynomial part and the terms with i > s indeed vanish). Now since ρ n,i = n k=0 a n,i,k , we obtain the first part of Lemma 4.1 that d s+D−i n ρ n,i ∈ Z for all odd 3 ≤ i ≤ s.
We move on to the second part of Lemma 4.1. We have
and we claim that each inner sum is an integer. In the case j/d = 1, in fact each term
is an integer. In the following we assume j/d = 1. We argue by contradiction. Suppose for some 0 ≤ ℓ 0 ≤ k 0 ≤ n, the inner sum
So there exists a prime number p for which either side of the above equality has a term with negative p-adic valuation. Therefore, there exists i 0 , i 1 ∈ {1, 2, · · · , s} and k 1 ∈ {0, 1, · · · , n},
, but this is impossible in view of 0 < |k 0 − k 1 | ≤ n. This completes the proof.
Analytic control of linear forms
Lemma 5.1. We have lim
, and x 0 is the unique positive real solution of the equation
Moreover, for any j/d ∈ F D , we have
Proof. We first establish some properties of the functions f and g. By taking the logarithmic derivative of f , we obtain
, So there exists a unique x 1 ∈ (0, +∞) such that f ′ (x 1 ) = 0. Moreover, f ′ (x) < 0 when x ∈ (0, x 1 ) and f ′ (x) > 0 when x ∈ (x 0 , +∞). Since f (0 + ) = +∞ and f (+∞) = 1, we deduce that there exists a unique x 0 ∈ (0, x 1 ) such that f (x 0 ) = 1, f (x) > 1 for x ∈ (0, x 0 ), and f (x) < 1 for x ∈ (x 0 , +∞).
Recall D = ⌈ 
We proceed to estimate r n,θ for any θ ∈ F D . Since R n (m + θ) = 0 for m = 1, 2, · · · , n − 1, we have
Note that each term in the summation above is positive.
We define two constants which are independent of n:
We divide the series for r n,θ into three parts:
For the first part, let n ≥ 10c
To deal with the middle part, we use the Stirling's formula in the weak form (as x → +∞)
For instance, for c 1 n ≤ k ≤ C 2 n, we have
as n → +∞. We deduce that for any n ≥ 10, c 1 n ≤ k ≤ C 2 n, and any θ ∈ F D , we have the following uniform estimates
(here the absolute bound for O(1) depends only on s, D, c 1 , C 2 , so in fact only depends on s). Write κ = k/n, so κ = κ(n, k) ∈ [c 1 , C 2 ]. After canceling the e's and n's, we obtain that
We emphasize that this holds uniformly for c 1 n ≤ k ≤ C 2 n and θ ∈ F D , where we define h(x) = f (x) x g(x) for x > 0. We have
hence h ′ (x) > 0 on x ∈ (0, x 0 ) and h ′ (x) < 0 on (x 0 , +∞). In particular, h(x) achieves its maximum only at x = x 0 with maximal value h(x 0 ) = g(x 0 ).
Finally we treat the tail part k>C 2 n R n (k + θ). For k > C 2 n, we have
As a conclusion,
By combining the three parts, in particular for θ = 1, we have r n,1 ≤ n O(1) g(x 0 ) n , so lim sup n→+∞ r 1/n n,1 ≤ g(x 0 ). On the other hand, we have r n,1 ≥ R n (⌊x 0 n⌋
To prove the last statement in the lemma, we first fix an arbitrary (sufficiently) small ε 0 > 0. For all θ ∈ F D , we have
when n is sufficiently large with respect to ε 0 . We now use the fact that, for any real number
so for any k with (x 0 − ε 0 )n ≤ k ≤ (x 0 + ε 0 )n, as before let κ = κ(n, k) = k/n, we have
So we find that
This is true for any sufficiently small ε 0 > 0. Letting ε 0 → 0 + , we deduce that lim n→+∞ r n,θ r n,1 = 1.
This completes the proof of Lemma 5.1.
Elimination of D − 1 odd zeta values
We prove the main theorem in this section: for D = ⌈ ⌉ numbers among ζ(3), ζ(5), ζ(7), · · · , ζ(s) are irrational.
